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Abstract

We prove that, for a compact Hausdorff space K, the real Banach space C'(K)
has the ball fixed point property if and only if K is extremally disconnected.
The new implication is obtained by constructing a fixed-point-free nonexpan-
sive self-map of the whole closed unit ball whenever K is a compact F-space
which is not extremally disconnected. The construction uses a transfinite
contractive propagation system with two increasing profiles. A successor-limit
delay preserves their tail constraint and has no subsolution in the profile
domain. Analysis records boundary deficits; positive operators on ordinal
Co-spaces and a common center determined by the two tails yield a nonex-
pansive synthesis satisfying an order domination inequality. The required
topological families are obtained from a gap in a maximal Boolean chain in
the zero-dimensional case, and from a transfinite extension of signs otherwise.
The argument works in ZFC and resolves the question posed by Avilés, Japon,
Lennard, Martinez-Cervantes, and Stawski.
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1. Introduction

The fixed point theory of nonexpansive mappings on C'(K)-spaces exhibits
a particularly subtle interaction between the topology of the compact space
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K and the metric geometry of C'(K). Recall that a mapping 7': C' — C on a
subset C' of a Banach space is nonezxpansive if

|72 =Tyl < e —yl, zyeC.

The ball fixed point problem for spaces of continuous functions asks
which compact spaces K have the property that every nonexpansive self-
map of the closed unit ball of C'(K) has a fixed point. We prove that
these are exactly the extremally disconnected compact spaces. The proof
constructs a nonexpansive map on the whole ball from transfinite profiles that
record incompatible boundary values. Throughout the paper, K is compact
Hausdorff and C(K) is the real Banach space of continuous functions on
K, with || f|lec = supsex |f(t)]. We write By for the closed unit ball of a
Banach space X. A map between metric spaces is nonexpansive if its Lipschitz
constant is at most 1. We work in ZFC and identify cardinals with their
initial ordinals.

1.1. The ball fixed point problem and the main result

Definition 1.1. A Banach space X has the ball fized point property (BFPP)
if every nonexpansive map 7T : Bx — Bx has a fixed point. Equivalently, the
same assertion holds on every closed ball of X, by translation and dilation; a
ball of radius zero is immediate.

Recall that K is extremally disconnected if the closure of every open subset
is open. A set of the form coz(f) = {t: f(t) # 0}, for f € C(K), is a cozero
set. We use the characterization of a compact F-space by the property that
disjoint cozero sets have disjoint closures; see [1, Lemma 3.1]. Avilés, Japon,
Lennard, Martinez-Cervantes, and Stawski proved

K extremally disconnected = C(K') has BFPP — K is an F-space.
(1.1)
See [1, Corollary 2.4 and Theorem 3.2]. Their work provides examples of
compact F-spaces which fail the BFPP and asks whether the first implication
is an equivalence. The unresolved class in that work consists of compact
F-spaces which are not extremally disconnected. We settle this case.

Theorem 1.2 (Main result). For every compact Hausdorff space K, the real
space C(K) has the BFPP if and only if K is extremally disconnected.



The constructive part is Theorem 5.2. For each compact F-space K which
is not extremally disconnected, it gives an uncountable regular cardinal k, a
nonempty closed bounded convex set D C f(k), and nonexpansive maps

.AIBC(K)—>/D, @:’D—)D, J:D—)BC(K)

such that & is a transfinite propagator and Fix(AJ &) = &. Consequently
T = JPA is a fixed-point-free nonexpansive self-map of Be(x). Together
with (1.1), this proves Theorem 1.2; the final deduction is recorded in Corol-
lary 5.4.

1.2. From discrete propagation to transfinite realization

In [2], contractive propagation systems were introduced as an abstract
framework for constructing fixed-point-free nonexpansive maps on bounded,
closed, and convex subsets of Banach spaces. Crucially, these discrete systems
decouple the coefficient dynamics, the propagation mechanism, and the
comparison argument that rules out fixed points. A typical recurrence takes
the form

Snt1(2) = 4, Sn(x) + bngn(z) + ¢4 (1.2)

If the coefficients and the translation term are independent of x, then

Lip(Sp11) < |an| Lip(Sy) + [ba] Lip(gn)-

Thus nonexpansive constituent maps and |a,| + |b,| < 1 give a nonexpansive
successor update. Here and below, contractive means Lipschitz constant at
most 1, not strictly less than 1.

Successor—limit shifts with upper and lower envelope rules already occur in
[1, proof of Theorem 4.1]. The contribution here is a realization of transfinite
propagation on the unit ball of C'(K) for every compact F-space which is
not extremally disconnected. Two monotone profiles carry the boundary
information. Their delay P, preserves an invariant domain D, and has no
subsolution z < Fyz in that domain. The main analytic step constructs
nonexpansive maps Ag, Jy with

AoJoz < z (z € Dy).

A fixed point of Ay Jy P, would therefore be such a subsolution. Continuity of
Jo is obtained from positive operators on ordinal Cy-spaces; a convex integral
representation gives the Lipschitz constant 1.



The paper is organized as follows. Section 2 defines the propagation
framework and proves the transfer and comparison principles. Section 3
constructs the two-profile realization under explicit topological hypotheses.
Section 4 verifies these hypotheses in the zero-dimensional and non-zero-
dimensional cases. Section 5 encodes the two profiles in one ordinal and
completes the BFPP characterization.

2. Transfinite contractive propagation systems

The metric and order arguments in this section are independent of the
later topological constructions. Their role is to transfer the absence of profile
subsolutions to the absence of fixed points in the ball.

2.1. Ordinal envelopes and transfinite propagators

For an ordinal k, let
loo(K) = {x = (Ta)a<k : SUDP |To| < oo}, |z]|co = sup |24l
a<k a<k

All inequalities between profiles are understood coordinatewise. We begin
with the two basic envelope operators.

Definition 2.1 (Ordinal envelopes). For a nonzero limit ordinal A and
a € lx(N), define

Ex(a) =limsupa, := inf sup a,
ath B<A B<a<
and
= liminf a, := inf )
Exla) = liminfaq sup inf | a
These operators have exactly the metric property required by a contractive
propagation theory.

Lemma 2.2 (Envelope contraction). For every nonzero limit ordinal X, both
maps B
5)\7 é)\ : goo<)‘) — R

are nonexpansz've.



Proof. Let d = ||x — y||0o. For every g < A,

SUp Ty < SUp Yo +d.
B<a<i B<a<i

Taking the infimum over § and then interchanging x,y proves

Ex(x) —Ex(y)] < d.
The identity £,(x) = —Ex(—x) gives the other estimate. O

Definition 2.3 (Transfinite contractive propagator). Let x > 0 be an ordi-
nal and let D C (. (k) be nonempty. A transfinite contractive propagator,
abbreviated TCP, is a self-mapping

P.D—1D

whose zeroth coordinate is a fixed constant, whose successor coordinates are
given by nonexpansive rules

(@x)oz—ﬁ—l = (I)a<x|[0,a]>a |(Do¢<u) - (I)a(v)’ S ||U - ,UHOW
and whose nonzero limit coordinates satisfy

(3233))\ = 5§A($|[07A)), E) € {_’_‘_}a

where £, = £, and & = £,. The successor rules and the choice of € are
fixed independently of the input. At a successor of a limit, a successor rule
may store the other envelope of the preceding prefix.

Remark 2.4. The successor rules need only be defined on the prefix sets arising
from D. Each output coordinate is a nonexpansive function of the input
profile, so Lemma 2.2 implies

|22 = Pylloo < |7 = ylloo-

The requirement &(D) C D is a separate invariance condition. The recursion
prescribes the coordinates of one image profile from prefixes of its input; it
does not assert convergence of the iterates of &.



2.2. Nonezxpansive realization and fived point transfer

Definition 2.5 (Contractive profile realization). Let X be a Banach space
and let & : D — D be a TCP. A contractive profile realization in Bx consists
of nonexpansive maps

Ain—>D, jD—)BX

They will be called the analysis and synthesis maps, respectively. The data
(D, 2, A, J) form a transfinite contractive propagation system on Bx. The
realization is fized-point-free if Fix(AJ L) = @.

Proposition 2.6 (Transfer principle). For any contractive profile realization,
the composition map T = J P A : Bx — Bx is nonexpansive. Moreover, A
and J P restrict to mutually inverse bijections between

Fix(T) and Fix(AJ2P).
In particular, a fized-point-free realization yields a fixed-point-free nonexpan-
sive self-map of Bx.
Proof. The metric assertion follows from
[Tz —Ty| < | P A — P Ayl < Az — Ayl < llz =y

If Tx = x, then Av = AT P Ax. Conversely, if 2 = AT Pz, then x = J Pz
satisfies Tx = z and Az = z. On Fix(7T') one also has J Z Ax = z, proving
the bijection. O

Lemma 2.7 (Order domination criterion). In the setting of Definition 2.5,
suppose that
ATz <z

for every z € D, and
{zreD: 2< P2} =02.

Then Fix(AJ Z) = .
Proof. A fixed point z = AJ &z would satisfy z < Zz. O

Remark 2.8. The extra hypothesis Fix(AJ Z?) = & in the last assertion of
Proposition 2.6 is essential. The transfer implication itself holds for arbitrary
maps with the indicated domains; it cannot replace a proof that AJ £ has
no fixed point. Likewise, the absence of fixed points for & alone does not
provide that proof. Our construction will establish the stronger order estimate
required by Lemma 2.7.



3. Two-profile realization

We first construct the ordinal operators needed for synthesis. The realiza-
tion theorem will then apply to any compact space carrying the two families
specified below.

3.1. Monotone profiles, delay, and regqularization

For an infinite limit ordinal 7, put

M, = {a €10,2]" :ag =0, a, < ag whenever o < 6}, (-(a) = sup a,.

a<T

The set M., is closed and convex in (7). Its tail functional ¢, is nonexpansive
and affine on M. Indeed, for a,b € M, and 0 <6 <1,

0(0a+ (1= 0)b) = 00-(a) + (1 — 0)L.(b).

The inequality < holds for every coordinate. Given e¢ > 0, choose one
index beyond indices where a and b are within € of their respective suprema.
Evaluation there gives the reverse inequality after letting ¢ | 0. Affinity is
asserted only on these increasing profiles.

Lemma 3.1 (Delay and regularization). For a € M., define

(Qra)o =0, (Q+0)at1 = Qa, (Qra)y =supa, (0 <\ <7 alimit),

a<\
(3.1)
and

(3.2)

(Roa) = SUPg., @, « a nonzero limit,
T o T
Qs a =0 or a successor.

Then Q,, R, are nonexpansive self-maps of M., both preserve {,, and both
lie coordinatewise below the identity. Furthermore:
1. a < Q.a implies a = 0;

2. R.a, regarded as a real-valued function on the ordinal space [0, T) with
its order topology, is continuous.

Proof. Each coordinate in the two formulas is a constant, a coordinate eval-
uation, or a supremum, and is therefore nonexpansive. The monotonicity
of a gives Qra < a and R,;a < a. For a < 3, one has (Q-a)n < ao < (Qra)s;
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hence @),a is increasing. The same conclusion for R, a follows directly from
its definition. Every coordinate a, occurs at the successor a + 1 < 7 in Q,a,
proving preservation of the supremum. Successor ordinals are cofinal in 7,
and R, leaves their coordinates unchanged, which proves the corresponding
assertion for R,.

If a < Q,a, transfinite induction gives a, = 0: the assertion starts at 0, is
inherited from the predecessor at a successor, and follows from the supremum
of the previous zero coordinates at a limit. For continuity, the only nonisolated
points of [0,7) are its nonzero limits. At such a point A, cofinality of the
successors gives

sup(Ra)p = supag = (R-a),.

B<A B<A
Since R,a is increasing, its values on (3, A] approach its value at A. Such
intervals are neighborhoods of A in [0, 7), which proves continuity. O]

3.2. Positive operators on ordinal spaces

We write Cy([0, 7)) for the continuous functions on this locally compact
ordinal space which vanish at infinity. Every interval [0, o], a < 7, is compact
and clopen. These intervals form an open cover of [0, 7), so every compact
subset is contained in one of them, by a finite subcover.

Lemma 3.2 (Positive synthesis from an increasing family). Let (wq)a<r C
C(K,[0,1]) be increasing. There is a unique positive linear contraction

Sy : Co([0,7)) — C(K), Swli,a] = Wa.

For each t € K, its evaluation at t is represented by a finite positive Radon
measure [ such that

p(0,00) = walt), ju([0,7) = supwalt) < 1. (3.3)
Proof. Put e, = 1jg,o). These functions are linearly independent: in a finite
relation, evaluation on successive intervals determines all tail sums of the
coefficients and hence all coefficients. Their span V is a subalgebra and a
sublattice of Cy(]0,7)): its elements are step functions with finitely many
breakpoints and bounded support, and products, maxima, and minima retain
that form. If a < f, then e, separates them; also e,(«) = 1. Thus V



separates points and vanishes at no point. The locally compact Stone-
Weierstrass theorem makes V' uniformly dense. Prescribe S,e, = w, on V.
For ay < -+ < ay, set

n n
Z:ZCZ'(EQ“ qi:ZCj.
i=1 j=i

The values of z on its successive intervals are ¢1, . . ., ¢,,, and z is zero afterwards.
Thus [|2]| = max;|g;|. Summation by parts gives

Swz = ¢1Wa, + Zqi<woéi - wai—l)'
=2

For each t € K, the multipliers of the g; are nonnegative and sum to w,,, (t) < 1.
Hence ||Swz|loc < ||2]|oo; if 2z > 0, all ¢; are nonnegative and S,z > 0.
Density gives the unique contractive extension. Positivity persists because V'
is a sublattice: the positive parts of step approximants approximate any
nonnegative member of Cy([0,7)).

The Riesz representation theorem supplies p;. Evaluation at e, yields
the first equality in (3.3). Inner regularity, together with the fact that every
compact subset is contained in some [0, al, gives the second equality. In
particular, the mass identity uses inner regularity, not continuity from below
for an uncountable union. O]

3.3. A realization theorem with two monotone profiles

Definition 3.3 (An inseparable pair of increasing families). Let p,o be
infinite cardinals. An inseparable pair on K consists of increasing families

(Ua)acps  (v5)p<o I C(K,[0,1])

satisfying
uy = vy =0, uvg =0 (a<p, B<o), (3.4)

and, with F, = {u, = 1} and G = {vg = 1},

UF.n Gs #2. (3.5)

a<p B<o

No continuity of either family with respect to its ordinal index is required.



Theorem 3.4 (Two-profile realization). Suppose that a compact Hausdorff
space K admits an inseparable pair as in Definition 3.5. There exist a
nonempty closed bounded convex set

Do C loo(p) X Loo(0)
with the maximum norm, and nonexpansive maps
AO:BC(K) —>D0, jO:DO_>BC(K)7 PO ID0—>D0,

such that

AoJoz <z (2 € Dy), Fix(AoJoP) = @.
Consequently JoFPy Ay is a fized-point-free nonexpansive self-map of Bk -
Proof. Define

Do = {(a,b) € M, x M, : {,(a) + {,(b) > 2}. (3.6)

It is nonempty: take both profiles equal to 1 outside their zero coordinate.
Closedness follows from the continuity of the tail functionals, convexity from
their affinity on increasing profiles, and boundedness from the coordinate
bounds. Set

PQ(CL, b) = (Qpa7 Qab)- (37)
Lemma 3.1 proves that this map is nonexpansive and preserves Dy.
The analysis map. For f € Be(k), define
ao(f) =sup(l = f(1)),  bs(f) =sup(L+ f(t),  Aof = (a(f),b(f)),

teFy, tEGﬂ
(3.9)

where a supremum over an empty set is assigned the value 0 in these two
formulas. Both deficits are nonnegative and at most 2. Nestedness of the
level sets gives increasing profiles, and their initial coordinates are zero. Each
coordinate functional is nonexpansive, hence so is Ay. Choose p in the
intersection in (3.5). Continuity of f gives

lo(a(f) = 1= f(p),  L(0(f) = 1+ f(p).

Their sum is at least 2, so Ag(Bek)) € Do.
The synthesis map. Apply Lemma 3.2 to obtain positive linear contractions

S, - Co([0,p)) — C(K),  S_:Co([0,0)) — C(K)
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with S} 19 = 1o and S_1jg 3 = vg. Let their representing measures at ¢ be
i, Vg, with total masses my, n;. By (3.3) and (3.4),

my = sup uq(t), ny = sup vg(t), my +n, < 1. (3.9)
a B

Indeed, if m; > 0, some u,(t) > 0, and orthogonality forces every vs(t) to
vanish, so n; = 0. Interchanging the families gives the other case, and each
mass is at most 1.

For z = (a,b) € Dy, write

B—-A
A=1{,(a), B =1{,(b), c(z) = 5 (3.10)
Since 0 < A, B <2and A+ B > 2, we have ¢(z) € [—1,1] and
1-A<c¢(z) <B-1 (3.11)

Furthermore, if ||z — 2/|| < d, then |[A — A'|,|B — B’| < d, and consequently
|e(2) = e(2')] < d.
With 7+ = max{r, 0}, define the continuous ordinal functions

z(z) = (1—=Rya—c(2)", r_(2) = (1 —Ryb+c(2))*. (3.12)

They are nonincreasing, and their tail limits are respectively (1 — A — ¢(2))*
and (1 — B+ ¢(z))", both equal to

A+ B\
(1-AE8)

2

Thus 2. (z) € Co([0, p)) and z_(z) € Cy([0,0)). Here vanishing on a tail up
to an arbitrary positive tolerance implies vanishing at infinity, since closed
initial ordinal intervals are compact. Set

Joz =c(2) 1+ Syxy(2) — S_x_(2). (3.13)

This formula defines a continuous function on K, since both operator argu-
ments belong to their stated Cp-domains. No continuity of the total-mass
functions t — my, n; is needed.

11



The exact nonexpansive estimate. Using the representing measures, expand
(3.13) at a fixed t € K as

(Joz)(t) = (1 — my — ny)c(2)

+ [ max{e(z), 1= (Rya)a} diu(o)

+ 0] min{c(z), (R,b)s — 1} dvi(B). (3.14)
The integrands are bounded continuous functions, so these integrals are
well defined for the finite measures. Each displayed scalar value lies in
[—1,1]. The coefficients and measures are nonnegative and have total weight
(1 —my —ng) + my +ny = 1. It follows that [(Joz)(t)] < 1.
If ||z — 2’| < d, the center and every coordinate of the two regularized
profiles change by at most d. For real numbers,

| max{r, s} — max{r', s'}| < max{|r — 1|, |s — 5|},

and the same estimate holds for min. Therefore every integrand in (3.14)
changes by at most d. The weights are independent of z, so

[(Jo2)(t) — (Jo2) ()] < d.

Taking the supremum over ¢ proves that Jy : Dy — Bc(k) is nonexpansive.
The order estimate. Fix a < p and t € F,,. Then 1([0,]) = uy(t) = 1. In
view of (3.9), my =1, ny = 0, and p; is a probability measure concentrated
on [0,a]. For v < a,

(Rpa)y < ay < dq.

Equation (3.14) now yields (Joz)(t) > 1 — a,. Similarly, for ¢t € Gg, 1, is a
probability measure concentrated on [0, 5] and (Jpz)(t) < bg — 1. Taking the
suprema in (3.8), including the prescribed empty-set convention, gives

AoTo(a,b) < (a,b). (3.15)

FEzclusion of fixed points. If z = ApJoPoz, then (3.15) implies z < Fyz.
Thus a < Q,a and b < Q,b. Lemma 3.1 gives a = b = 0, contradicting
(,(a) 4+ ¢;(b) > 2. Finally, the proof of Proposition 2.6, which applies equally
to the product profile space, shows that JyFyAy is fixed-point-free. O

12



Remark 3.5. The use of two tails in (3.10) allows p and o to be different. The
terminal obstruction supplies the inequality A + B > 2, without requiring
either tail separately to equal 1. The resulting common center ensures
continuity of the synthesis, and its convex integral representation preserves
the Lipschitz constant 1.

4. Inseparable families on compact F-spaces

We now verify the hypotheses of Theorem 3.4. A compact space is zero-
dimensional if it has a base of clopen sets. The two topological cases will
provide families of possibly different lengths.

4.1. Countable unions of cozero sets

Lemma 4.1. A countable union of cozero sets in a compact Hausdorff space
is a cozero set. Consequently, in an F-space, two disjoint countable unions of
cozero sets have disjoint closures.

Proof. 1f U,, = coz(f,), the uniformly convergent series

RS
= 2

defines a continuous nonnegative function with coz(f) = U, U,. The last
assertion follows from the F-space property. m

4.2. Boolean gaps and the zero-dimensional case

We recall the Boolean-algebra terminology used below; see [3] for back-
ground. A Boolean algebra is a bounded complemented distributive lattice,
with meet a A b, join a V b, complement —a, and least and greatest elements
0,1. Its order is given by a < b if a A b = a. 1t is complete if every subset S
has a least upper bound, denoted by \/ S; the empty join is 0. For a com-
pact space K, the clopen subsets form the Boolean algebra Clop(K) under
intersection, finite union, and complementation in K, with order given by
inclusion. For an arbitrary family of clopens, its Boolean supremum, when it
exists, means its least clopen upper bound and need not equal its set-theoretic
union.

A chain is a subset linearly ordered by <, and a maximal chain is one
maximal under inclusion. A subset C' of a linearly ordered set L is cofinal
if every member of L lies below some member of C', and coinitial if every

13



member of L lies above some member of C'. The least sizes of such subsets
are the cofinality and coinitiality of L, respectively. We call an increasing
family (f.) and a decreasing family (hg) with f, < hg a gap when there is
no interpolant d satistying f, < d < hg for every a, 3.

The next lemma converts the failure of Boolean completeness into a gap
in a maximal chain, whose two sides will provide the families needed for the
topological realization.

Lemma 4.2 (A gap in a maximal Boolean chain). If a Boolean algebra B is
not complete, there exist infinite reqular cardinals p,o and families (fo)a<p,
(hg)p<o in B such that

fo=0, ho=1, fo<fuw<hyg<hs (a<d, <07,
and no d € *B satisfies f, < d < hg for all a, 3.

Proof. We include a proof of the maximal-chain gap fact; see also [4, p. 344].
Choose a family (d¢)¢<, without a supremum, of least possible cardinality.
Since finite joins exist, 7 is infinite. For every a < 7, the partial join
Ca = Ve<q de exists by minimality. The chain (c,) has no supremum, since
its upper bounds are exactly those of (dg).

Extend it to a maximal chain M in B, and put

Y ={meM:m <c, for some o < 1}, Z=M\Y.

Then Y < Z,0€ Y,and 1 € Z. A greatest member y of Y would be an
upper bound of the ¢, lying below one of them, and hence would be a greatest
member of that chain, a contradiction.

Suppose that Z has a least member z, and let b € 28 be any upper bound
of the ¢,. Every member of Y lies below z A b, and every member of Z lies
above it. Thus z A b is comparable with every member of M, so maximality
puts it in M. It cannot lie in Y, because it is an upper bound of all the ¢,.
Hence it lies in Z, giving z < z A b < b. This would make z the supremum of
the ¢, another contradiction.

Let p be the least cardinality of a cofinal subset of Y. It is infinite because
Y has no greatest member. Every subset of Y of cardinality less than p has a
strict upper bound in Y. Starting from a cofinal subset of size p, transfinite
recursion therefore gives an increasing cofinal sequence of length p, with first
member 0. If p were singular, restricting that sequence to a cofinal subset

14



of the ordinal p of cardinality cf(p) < p would contradict minimality. Thus
p is regular. The order-dual argument gives an infinite regular coinitiality
o for Z, and a decreasing coinitial sequence starting with 1. Denote the
resulting sequences by (fa)a<, and (hg)g<,. Their cross inequalities follow
from Y < Z. An interpolant d would lie above Y and below Z, and would
therefore belong to M by maximality. Membership in Y would make it the
greatest member of Y; membership in Z would make it the least member
of Z. Both alternatives are impossible. O

In the zero-dimensional case, a Boolean gap yields two increasing families
of clopens whose unions are disjoint but have intersecting closures, since a
clopen separator would provide an interpolant.

Proposition 4.3 (The zero-dimensional case). FEvery compact Hausdorff
zero-dimensional space K which is not extremally disconnected admits an
inseparable pair indexed by infinite reqular cardinals. If K is also an F'-space,
at least one of the two cardinals is uncountable.

Proof. The Boolean algebra 8B = Clop(K) is not complete. Indeed, if it
were complete and O C K were open, let H be the supremum in 8 of all
clopens contained in O. These clopens cover O, so O C H. If t € H \ O,
zero-dimensionality gives a nonempty clopen C' C H \ O. Then H \ C is still
an upper bound for all clopens contained in O, contradicting the definition
of H. Thus H = O, which would make K extremally disconnected.

Apply Lemma 4.2. Regard its members as clopens and write F,, = f, and
Gp = K \ hg. These families are increasing and cross-disjoint. Suppose the
closures of their unions were disjoint. For two disjoint closed subsets of a
compact zero-dimensional space there is a clopen separator: cover the first
set by clopen neighborhoods avoiding the second and take a finite subcover.
Such a separator C' would satisfy F, € C C hg for all o, 3, contrary to the
lemma. Therefore (3.5) holds, and we may take u, = 1f,, v3 = 1g,.

If p=0 =wand K is an F-space, the two unions would be disjoint
countable unions of cozero sets. Their closures would be disjoint by Lemma 4.1,
a contradiction. O]

4.8. Transfinite sign extension in the remaining case

When clopen sets do not separate points, we instead extend prescribed pos-
itive and negative values until the closures of the corresponding regions meet,
with the F-space property forcing this first obstruction to have uncountable
cofinality.
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Proposition 4.4 (The case of a non-zero-dimensional F-space). FEvery com-
pact Hausdorff F-space K which is not zero-dimensional admits an inseparable
pair with p = o an uncountable reqular cardinal.

Proof. There exist distinct points p,q € K that cannot be separated by a
clopen. Otherwise, given p € O with O open, for every ¢ € K \ O one could
choose a clopen containing p and excluding ¢. Compactness of K \ O would
give a finite intersection of these clopens containing p and contained in O,
which would prove zero-dimensionality.

Set hg = 0 and use Urysohn’s lemma to choose h; € C(K,[—1,1]) with
hi(p) = 1 and hy(q) = —1. Fix a well-order of C(K,[—1,1]) and always
choose the first admissible extension in that order. This specifies the following
transfinite recursion. Suppose (hq)a<, has been defined, where v > 2, and
put

U, = |J{ha >0}, V, = U {h. <0}.
<y a<y
If U,NV, # @, stop. Otherwise choose, by Urysohn’s lemma, h, €
C(K,[—1,1]) such that

h,=1on U, h,=—1onV,. (4.1)

Inductively, the positive parts hl and negative parts h, := (—h,)" are
increasing. At a point where an earlier function is positive, every later
function is 1; at a point where an earlier function is negative, every later
function is —1. In particular, U,, V, are disjoint at every stage, and h,(p) = 1,
ho(q) = —1 for a > 1.

For each o« > 1, some ¢ € K satisfies 0 < |hq(t)| < 1. Otherwise the image
of h, would be contained in {—1,0,1}, and {h, = 1} would be a clopen
separating p and ¢. Equation (4.1) makes every later function take the value
sgn(he(t)) at that point, so all the constructed functions with positive indices
are distinct. They are also different from hy. The construction therefore
cannot continue through all ordinals below |C'(K)|": otherwise it would give
an injection of that successor cardinal into C'(K). There is consequently a
first stopping stage 0 < |C'(K)|".

The stage 6 cannot be a successor, say 6 = a + 1: by nestedness, Us =
{ho > 0} and Vs = {h, < 0}, which are disjoint cozero sets and hence have
disjoint closures. Thus ¢ is a limit. If ¢f(J) = w, choose a countable cofinal
sequence () in 0. Then Us = U, {ha, > 0} and Vs = U,,{ha, < 0} would
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again be disjoint cozero sets by Lemma 4.1. This contradicts the stopping
condition. Hence p = cf(0) > w.

Every o < 0 satisfies @« + 1 < §. For o > 1, equation (4.1) gives the
following inclusions; for ae = 0 their left-hand sides are empty:

{ha >0} C {hos1 =1}, {ha <0} C {haps = —1}.

Consequently

Us=Ufha=1}, Vo= J{ha=—1}.

a<d a<d

Choose an increasing cofinal map £ — 7, from p into ¢ with vy = 0, and set

Ug = hj&, Vg = h;ﬁ. The monotonicity of the parts implies cross-orthogonality,

and cofinality preserves the two terminal unions of level sets. Their closures
intersect at the stopping stage. We have therefore obtained Definition 3.3,
with o = p, which is regular as a cofinality. O

5. A single ordinal propagator and the BFPP characterization

5.1. Encoding the two channels

The product notation used in the realization theorem is convenient for
the estimates. We now encode both channels in a single ordinal and check
the precise envelope rules.

Proposition 5.1 (Ordinal encoding). Under the hypotheses of Theorem 3.4,
put k = max{p,o}. There are a nonempty closed bounded conver set D C
lso(K), nonexpansive maps

A:BC(K) —)D, j:D%BC(K)v
and a TCP & : D — D such that Fix(AJ &) = .

Proof. For a € M,, define its extension to x by

~ aa? a < p7
Ao —
Ep(a)7 P S a <K,

and extend b € M, in the same way. Extension is isometric on each profile
space: its additional coordinate differences are bounded by the original sup
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distance, while the original coordinates remain present. It is also affine on
increasing profiles because their tail functionals are affine. We shall use
ordinal multiplication on the left by 2. Every ordinal has a unique expression
A+ n, where A = 0 or A is a nonzero limit, and n < w. At a nonzero limit,
writing A =w - € gives 2- A = (2-w) - £ = A. In particular 2 - kK = &, and the
pairs {2 «,2-a+ 1}, a < k, partition the ordinals below k. Define an affine

isometry
E DO — goo("i)a

by putting N
(E(a,b))2.a = o, (E(a,b))aar1 =4+ ba. (5.1)
Set
D = E(Dy), A=FEA,, (5.2)
and
J=JE", P = EPE™ . (5.3)

Isometry and affinity give convexity and boundedness of D. It is closed
because Dy is complete and F is an isometry. All three maps are nonexpansive,
P (D) C D, and

AT P = E(AcJoPy)E™!

has no fixed point.
It remains to verify that &2 has the required ordinal rules. The delay
commutes with extension:

Qua = Q,a,  Qub=Qyb. (5.4)

For example, if p < k, the coordinate at p on the left is the supremum of the
original channel, because p is a limit ordinal. Every later coordinate has the
same value, and @), preserves that supremum. This proves the first identity;
the second is identical. For x € D, the initial values are (Zx), = 0 and
(Pz); =4. If a = +1, then

(P2)2.0 = Tap,
’ (5.5)
(P1)2011 = Tapi1-
For every nonzero limit A < k, one has 2- XA = ), and
(Px)x = Ex\(|on),
(5.6)

(e@@,\ﬂ = gA(i75|[0,>\))-
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Indeed, before A the two coordinate classes are cofinal. The first channel is
increasing and takes values in [0, 2]; the second is increasing and takes values
in [4,6]. The separation between these intervals allows the lower envelope to
recover the first tail and the upper envelope to recover the second. It follows
that

liminf z¢ = sup a,,

xR
and B
lim sup x¢ = 4 + sup b,

) a<A
These are exactly the two limit values of the delayed channels in (5.4). The
rule at A+ 1 is a nonexpansive successor rule depending only on the preceding
input prefix. Thus & satisfies Definition 2.3. ]

5.2. The realization theorem and its consequences

Theorem 5.2 (Transfinite realization on a non-extremally disconnected com-
pact F-space). Let K be a compact Hausdorff F-space which is not extremally
disconnected. There exist an uncountable reqular cardinal k, regarded as
its initial ordinal, a nonempty closed bounded convex set D C ly(K), and
nonerpansive maps

A: Bey — D, J : D — Bexy, P.D—7D
such that & is a TCP and
Fix(AJ Z) = @.

In particular,
T=JPA: Boky — Be)

is nonexpansive and has no fixed point.

Proof. 1f K is zero-dimensional, use Proposition 4.3; otherwise use Proposi-
tion 4.4. In both cases there is an inseparable pair indexed by infinite regular
cardinals p, o, at least one of which is uncountable. Their maximum & is
therefore uncountable and regular. Apply Theorem 3.4 and Proposition 5.1,
followed by Proposition 2.6. m

Corollary 5.3. If K is compact Hausdorff, zero-dimensional, and not ez-
tremally disconnected, then Bc(xy admits a fized-point-free nonexpansive
self-map, without an additional F-space assumption.

19



Proof. Apply Proposition 4.3 and Theorem 3.4. O

Corollary 5.4 (The BFPP characterization). For a compact Hausdorff
space K, the real Banach space C(K) has the BFPP if and only if K is
extremally disconnected.

Proof. The implication from extremal disconnectedness, and the fact that the
BFPP for C'(K) forces K to be an F-space, are (1.1), from [1, Corollary 2.4 and
Theorem 3.2]. If C(K) has the BFPP but K is not extremally disconnected,
Theorem 5.2 applies to that compact F-space and gives a contradiction. [

Remark 5.5 (Scalar fields). The fixed-point-free construction in Theorem 5.2
also applies to the complex unit ball: compose the real analysis map with
f +— Re f and retain the real-valued synthesis. These maps are nonexpansive,
and any fixed point would be real-valued, contrary to the theorem.
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Lean formalization. A companion Lean 4 formalization of the mathematical
results of this paper, using mathlib as its only library dependency, is available
at

https:
//github.com/Cleon-SB/ball-fixed-point-property-ck-spaces

The repository contains the source code, build instructions, pinned dependency
versions, and a correspondence between the mathematical statements and
their formal counterparts.
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